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Abstract
A generalization of Coulomb-Amontons’ law of dry friction recently proposed
by V. V. Kozlov is considered in the context of rigid body dynamics. Universal
principles of motion, formulated by V. V. Kozlov are complemented by the
condition taking into account the contact nature of dry friction, and applied
to several models. For the famous Painleve problem a generalized Coulomb-
Amontons’ force without singularities, yet such that the friction arises only at
the point of contact, is found. Further, by the example of the motion of a rigid
ball on a plane with a single point of contact, also considered in the article by
V. V. Kozlov, it is shown that these principles are consistent with the well-
known equations, studied by G.-G. Coriolis. In case of the ball simultaneously
touching two perpendicular planes at two points of contact, it is shown that the
support reactions of surfaces do depend on the friction forces. The corresponding
equations of motion are derived and analyzed. An exact particular solution that
describes a technique used in practice in billiards is obtained.
Keywords: Dry friction, rigid body dynamics, Coulomb-Amontons’ law,
Painleve paradox
2010 MSC: 70F40
1. Introduction
In article [1] V. V. Kozlov suggested a generalization of Coulomb-Amontons’
law of dry friction for constrained Lagrangian systems that eliminates singular-
ities in friction forces and constraint reactions and applied it to an arbitrary
motion of a rigid body on a fixed surface in case, where at any moment the
contact between the body and the surface takes place at exactly one point.
According to V. V. Kozlov, the generalized Coulomb-Amontons’ force of dry
friction acting on a body moving on a surface given by the equation f(x) = 0,
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x ∈ Rn, is defined as follows (see [1, formula (2.6)]):
F = −|R|Φx˙|x˙| , (1)
where we denote
R = λ
∂f
∂x
, |R|2 = λ2
(
∂f
∂x
,A−1
∂f
∂x
)
, A =
{
∂2T
∂x˙i∂x˙j
}
, |x˙|2 = (Ax˙, x˙).
Here R is the constraint reaction, λ is the Lagrange multiplier, T is the kinetic
energy of the system, and Φ = {Φij} is a matrix, for all x and t satisfying the
following two conditions:
i. (see [1, formula (2.9)])
(ΦTA−1)
∂f
∂x
= ρ
∂f
∂x
, ρ ∈ R.
This restriction means mutual orthogonality of the generalized forces of
dry friction and the normal support reaction in the metrics, defined by the
matrix A:(
∂f
∂x
,A−1F
)
= −|R||x˙|
(
∂f
∂x
,A−1Φx˙
)
= −|R||x˙|
(
ΦTA−1
∂f
∂x
, x˙
)
= −ρ |R||x˙|
(
∂f
∂x
, x˙
)
= 0.
The last equality is a consequence of the constraint equation. Also, as shown
in [1], this condition implies that the multiplier λ does not depend on the
matrix Φ and can be found from the equations of motion without friction.
ii. (see [1, formula (2.8)])
(Φx˙, x˙) ≥ 0.
This condition expresses dissipativity of the friction force:
(F, x˙) = −|R||x˙| (Φx˙, x˙) ≤ 0.
From geometric point of view, the matrices A and Φ are components of twice
covariant tensor fields in the configuration space — tensor of inertia and tensor
of dry friction accordingly, which implies invariance of the conditions i and ii
with respect to changes of the generalized coordinates.
In the presented work some of the results from [1] are refined under assump-
tion of absolute rigidity of the interacting bodies. This assumption, as will be
shown, leads to additional restrictions on the matrix Φ and the friction force
F , and can be formulated in a simple universal form. As consequence, for the
Painleve falling rod problem and the problem of a rigid body rolling on a fixed
plane, we obtain much simpler formulas for the tensor of dry friction than in [1,
2
§§ 5–6]. It is worth noting here, that rigidity of the considered objects is men-
tioned in the formulations of these problems in [1] as well, but it is not reflected
in the conditions i–ii themselves, because of what, among others, the compo-
nents responsible for rolling and pivoting friction appear in the corresponding
expressions. This may lead to a contradiction when the point of application
of these forces, which coincides with the point of contact in case of rigid bod-
ies, is still, and their power is non-zero. In this regard, see also comments by
V. F. Zhuravlev [2]. Finally, we show a counterexample to the hypothesis intro-
duced in [1, § 7], that in case of multiple points of contact as well each Lagrange
multiplier can still be found from the equations without friction. Along the
way, we derive the equations that describe a real technique used in practice in
billiards.
2. Painleve problem
Problem setting and support reaction in the absence of friction. Consider a me-
chanical system consisting of two material points M1 and M2 of mass m1 and
m2, connected to each other by a weightless rigid rod of length l (see Fig. 1).
Line Ox constrains the motion of the point M1 to the half-plane y ≥ 0. The
Figure 1: Painleve problem
Lagrangian of the described system has the form
L = m1
x˙2 + y˙2
2
+m2
(x˙− θ˙l sin θ)2 + (y˙ + θ˙l cos θ)2
2
− (m1 +m2)gy −m2gl sin θ + λy,
where x, y denote Cartesian coordinates of the point M1, θ is the angle between
the rod M1M2 and the axis Ox (the positive direction of the reference angle
is counterclockwise), g is the acceleration of gravity, and λ is the Lagrange
multiplier. Write down the equations of motion.
(m1 +m2)x¨− lm2θ¨ sin θ = lm2θ˙2 cos θ,
lm2(x¨ sin θ − y¨ cos θ − lθ¨) = lm2g cos θ,
(m1 +m2)y¨ + lm2θ¨ cos θ = −(m1 +m2)g + lm2θ˙2 sin θ + λ.
(2)
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Depending on the value of λ, the movement of the system can be attributed to
one of the following modes:
• λ = 0, there is no contact between the rod and the support, i.e. y > 0.
• λ ∈ (0,+∞), there is a long-time contact of the rod with the support. In
this case, letting y together with the derivatives equal to zero, we find
λ =
2m1
(
(m1 +m2)g − lm2θ˙2 sin θ
)
2m1 +m2(1 + cos 2θ)
> 0. (3)
• λ = +∞, there is an impact of the rod on the support, during which the
generalized velocities undergo a discontinuity.
Painleve paradox. The classical Coulomb-Amontons’ law of dry friction for the
considered system is defined by the expression
F = −λµσ(x˙), σ(x) =

−1, x < 0,
[−1, 1], x = 0,
+1, x > 0,
(4)
where µ > 0 is the coefficient of friction, and [−1, 1] on the right-hand side means
that σ(0) can take any value from this range. Following P. Painleve (see [3, p. 16,
formula (d’)]), let us add to the right-hand side of the Lagrange equation from
system (2) corresponding to the coordinate x the force F to obtain a system
with friction:
(m1 +m2)x¨− lm2θ¨ sin θ = lm2θ˙2 cos θ + F,
lm2(x¨ sin θ − y¨ cos θ − lθ¨) = lm2g cos θ,
(m1 +m2)y¨ + lm2θ¨ cos θ = −(m1 +m2)g + lm2θ˙2 sin θ + λ,
(5)
Put in these equations y with derivatives equal to zero, we get the multiplier λ:
λ =
2m1
(
(m1 +m2)g − lm2θ˙2 sin θ
)
2m1 +m2(1 + cos 2θ) + µm2σ(x˙) sin 2θ
.
As can be seen, for sufficiently large values of the friction coefficient the denom-
inator may turn to zero, leading under a continuous contact to infinite values
of the support reaction and friction forces, which is devoid of physical sense.
V. V. Kozlov’s approach to accounting for friction. As noted in [1, §5], singu-
larities in λ arise because of the violation in the system (5) of the condition i.
Indeed, for the Painleve problem
A =
 m1 +m2 −lm2 sin θ 0−lm2 sin θ m2l2 lm2 cos θ
0 lm2 cos θ m1 +m2
 , (6)
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so for Φ = diag{κ, 0, 0} we have ΦTA−1 · (0, 0, 1)T = (−m2κ sin 2θ/2m1(m1 +
m2), 0, 0)
T . On the contrary, if the condition i is satisfied, namely when (see [1,
formulas (5.1)–(5.2)])
Φ = AΩT , Ω =
κ1 µ1 0κ2 µ2 0
κ3 µ3 ν
 , (7)
then at any moment in time and any point of the phase space the Coulomb-
Amontons’ friction force (1) is uniquely defined by (6), (7) and (3).
Insufficiency of the conditions i-ii in case of absolutely rigid bodies.. Let in (7)
Ω = νE, ν > 0, which corresponds to an isotropic tensor of dry friction. In
this case both conditions i-ii are met, and the friction force (1) for y = 0 and λ
from (3) is
F = −kν
(m1 +m2)x˙− lm2θ˙ sin θlm2(lθ˙ − x˙ sin θ)
lm2θ˙ cos θ
 , (8)
where
k =
(
(m1+m2)g − lm2θ˙2 sin θ
)√
2m1√
(m1+m2)
(
2m1+m2(1 + cos 2θ)
)(
(m1+m2 cos2 θ)x˙2+m2(x˙ sin θ − lθ˙)2
)
Denote the vector of generalized velocities of the body by
v = (x˙, θ˙, y˙)T .
The power dissipated by friction force (8) subject to y = 0 equals to
(F, v) = −kν((m1 +m2 cos2 θ)x˙2 +m2(x˙ sin θ − lθ˙)2) ≤ 0.
On the other hand, the power of the same force dissipated at the point of contact
equals to
Fxx˙ = −kν
(
(m1 +m2)x˙
2 − lm2x˙θ˙ sin θ
)
.
The difference between these expressions indicates that the work of the friction
force (8) is not concentrated in the point of contact. Besides, the expression
for the power dissipated at the point of contact is not sign-definite. Thus, the
conditions i-ii alone turn out to be insufficient for a correct definition of dry
friction in case of a motion of an absolutely rigid body on an undeformable
surface.
Condition of contact interaction. Denote by P a linear operator that maps an n-
dimensional vector v of generalized velocities of the system to an r-dimensional
vector vc (r ≤ n) of the velocity of the body at the point of contact with the
supporting surface:
Pv = vc. (9)
By definition, operator P is surjective. In particular, the matrix PPT is invert-
ible.
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Lemma 1. For an absolutely rigid body interacting with support at a single
point of contact,
F = PTFc, (10)
where Fc is the friction force at the point of contact, and F is the generalized
Coulomb-Amontons’ friction force.
Proof. Under the lemma conditions, all the power of the friction force must
be dissipated at the point of contact, in other words (F, v) = (Fc, vc). From
here, taking into account (9) follows the formula (10). 
As a consequence from the proved lemma, we obtain a supplementary to the
conditions i–ii constraint on the matrix Φ from (1):
iii.
Φ = PTΨ.
Lemma 2. Conditions ii and iii are equivalent to the equality
Φ = PTΦcP, (11)
where Φc is a non-negative-definite r × r matrix.
Proof. Let the conditions ii–iii be met. Let us show that kerP ⊂ ker Φ ⊂ Rn.
By contradiction, assume that there exists ξ such that Pξ = 0, but Φξ 6= 0.
Then for arbitrary u ∈ Rn and α ∈ R
0 ≤ (Φ(u+ αξ), u+ αξ) = uTΦ(u+ αξ) = uTΦu+ αuTΦξ.
But for u = Φξ and sufficiently large in absolute value negative α the last
expression is negative, which leads to a contradiction. Hence, Φ = ΞP , which
together with the condition iii implies Φ = PTΦcP . Non-negative-definiteness
of Φc follows from (9) and the condition ii:
(Φcvc, vc) = (ΦcPv, Pv) = (P
TΦcPv, v) = (Φv, v) ≥ 0.
The reverse implication is obvious. 
The vector of support reaction R is an image of PT of the normal support
reaction N at the point of contact, i.e. R = PTN . Consequently, the norm of R
in the formula (1) coincides with the Euclidean length of the vectorN . Similarly,
the norm of projection of the vector of generalized velocities x˙ onto the point
of contact of the body and support coincides with the Euclidean length of the
velocity of this point. The latter also follows from the fact that in the metrics
defined by the matrix A, the square of the length of the specified projection
of the generalized velocity equals to the doubled kinetic energy of the material
point, proportional to the Euclidean square of velocity. With that said, holds
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Theorem 1. In case of an absolutely rigid body and a single point of contact,
equality (1) can be rewritten as
F = −|N |P
TΦcvc
|vc| , (12)
where |N | and |vc| are the Euclidean lengths of vectors of forces of the normal
support reaction and the velocity of the body at the point of contact, and Φc is
a non-negative-definite matrix such that
ΦTc QN = ρN, Q = PA
−1PT , ρ ∈ R. (13)
Proof. The equality (12) follows from (1) by substitution (11) subject to (9).
In order to prove the formula (13), write down the condition i in the form
(ΦTA−1)R = ρR.
By substituting here R = PTN and (11), we get the equality
PTΦTc PA
−1PTN = ρPTN, ρ ∈ R,
equivalent to (13). 
Generalized dry friction force for the Painleve problem. Let us find the general
view of a friction force F representable in the form (12) for the Painleve problem.
Herewith,
vc =
(
x˙
y˙
)
, N =
(
0
λ
)
, P =
(
1 0 0
0 0 1
)
.
From (6) we get
Q =
1
2m1(m1 +m2)
(
2m1 +m2(1− cos 2θ) −m2 sin 2θ
−m2 sin 2θ 2m1 +m2(1 + cos 2θ)
)
.
Let
Φc =
(
κ1 κ2
µ1 µ2
)
.
Then from (13) it follows that
µ1 =
κ1m2 sin 2θ
2m1 +m2(1 + cos 2θ)
.
The corresponding Lagrange equations taking into account dry friction take the
form
(m1 +m2)x¨− lm2θ¨ sin θ = lm2θ˙2 cos θ − λκ1x˙+ κ2y˙√
x˙2 + y˙2
,
lm2(x¨ sin θ − y¨ cos θ − lθ¨) = lm2g cos θ,
(m1 +m2)y¨ + lm2θ¨ cos θ = −(m1 +m2)g + lm2θ˙2 sin θ + λ
− λ√
x˙2 + y˙2
(
µ2y˙ +
κ1m2x˙ sin 2θ
2m1 +m2(1 + cos 2θ)
)
,
(14)
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System (14) for different λ describes all possible movements of the rod in the
Painleve problem. By setting in this system λ = 0, we obtain the equations of
motion of the rod in the absence of contact. In turn, letting y with derivatives
equal to zero, we get λ same as in (3), and the equations of motion under
continuous contact
(m1 +m2)x¨− lm2θ¨ sin θ = lm2θ˙2 cos θ − λκ1σ(x˙),
lm2(x¨ sin θ − lθ¨) = lm2g cos θ,
where the function σ is defined in (4). The latter system covers two cases. The
first case takes place when x˙ 6= 0 and corresponds to a motion with sliding
friction. The second one, where x˙ = 0, corresponds to the rest of the contact
point with the force of static friction
F = λσ0κ1 = m2 cos θ(lθ˙2 − g sin θ), σ0 = σ(0) ∈ [−1, 1].
Hence the rest condition of the contact point is given by an inequality
| cos θ(lθ˙2 − g sin θ)| ≤ λκ1
m2
.
When equality is reached in this formula, the rest turns into a slide.
Instant contact with the support (impact) corresponds to λ = +∞. For-
mally, the equations describing the velocity discontinuities can be obtained by
integrating (14) over an infinitesimal time interval containing the moment of
impact,
(m1 +m2)∆x˙− lm2∆θ˙ sin θ = −κ1Sx − κ2Sy,
lm2(∆x˙ sin θ −∆y˙ cos θ − l∆θ˙) = 0,
(m1 +m2)∆y˙ + lm2∆θ˙ cos θ = I − µ2Sy − κ1m2Sx sin 2θ
2m1 +m2(1 + cos 2θ)
,
where I is the impulse of the support reaction force, and Sx and Sy are tangent
and normal components of the impulses of the impact force of friction. Note
that the coefficients κ2 and µ2 only participate in the equations describing the
friction for impact.
3. Rigid ball on a plane
Consider the problem of the motion of a rigid homogeneous ball of mass m
and radius R on a fixed horizontal plane z = 0, and compare the results with [1,
§ 6]. As generalized coordinates, select the coordinates of the center of the ball
x, y, z and the Euler angles relative to the center of the ball α, β, γ. The
Lagrangian of this problem has the form
L = m
x˙2 + y˙2 + z˙2
2
+
mR2
5
(α˙2 + β˙2 + γ˙2 + 2α˙γ˙ cosβ)−mgz+ λ(z−R), (15)
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where λ is a Lagrange multiplier, and z − R ≥ 0 is an inequality constraint.
Thus
A =

mE3 0
0 2mR
2
5
 1 0 cosβ0 1 0
cosβ 0 1

 . (16)
Velocity of the point of the ball touching the surface and the normal support
reaction are
vc =
x˙− β˙R sinα+ γ˙R cosα sinβy˙ − β˙R cosα− γ˙R sinα sinβ
z˙
 , N =
00
λ
 , (17)
from where and from (13)
P =
1 0 0 0 −R sinα R cosα sinβ0 1 0 0 −R cosα −R sinα sinβ
0 0 1 0 0 0
 ,
Q =
1
m
7/2 0 00 7/2 0
0 0 1
 , Φc =
κ1 κ2 κ3µ1 µ2 µ3
0 0 ν
 .
(18)
When written in terms the angular velocity vector ω = (ωx, ωy, ωz)T defined by
α˙ = −ωz + cotβ(ωx sinα+ ωy cosα),
β˙ = −ωx cosα+ ωy sinα,
γ˙ = − cscβ(ωx sinα+ ωy cosα),
(19)
instead of the Euler angles, the equations of motion look especially simple
mx¨ =
−λ(κ1(x˙−Rωy) + κ2(y˙ +Rωx) + κ3z˙)√
(x˙−Rωy)2 + (y˙ +Rωx)2 + z˙2
,
my¨ =
−λ(µ1(x˙−Rωy) + µ2(y˙ +Rωx) + µ3z˙)√
(x˙−Rωy)2 + (y˙ +Rωx)2 + z˙2
,
mz¨ = λ−mg − λνz˙√
(x˙−Rωy)2 + (y˙ +Rωx)2 + z˙2
,
2
5
mR ω˙x =
−λ(µ1(x˙−Rωy) + µ2(y˙ +Rωx) + µ3z˙)√
(x˙−Rωy)2 + (y˙ +Rωx)2 + z˙2
,
2
5
mR ω˙y =
λ
(
κ1(x˙−Rωy) + κ2(y˙ +Rωx) + κ3z˙
)√
(x˙−Rωy)2 + (y˙ +Rωx)2 + z˙2
,
2
5
mR ω˙z = 0.
(20)
Here depending on the value of λ the motion of the system can be attributed
to one of the following modes:
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• λ = 0, there is no contact between the ball and the surface, i.e. z > R.
• λ ∈ (0,+∞) corresponds to a motion of the ball on the surface. By setting
z = R, and its derivatives equal to zero, from the third equation we get
λ = mg.
The obtained system is well-known and was studied among others by G.-
G. Coriolis in his famous book [4]. Particularly, the quantities
x˙+
2R
5
ωy, y˙ − 2R
5
ωx
are first integrals of this system and represent velocity components of the
so-called upper center of percussion of the ball, i.e. the point of the ball,
located at distance 2/5 of the radius vertically above the center of the ball
(see Fig. 2).
• λ = +∞ corresponds to an impact of the ball on the plane, when veloc-
ity components of the center of the ball and components of the angular
velocity suffer a discontinuity. At the same time, the horizontal velocity
components of the upper center of percussion are preserved.
Figure 2: The upper center of percussion
The problem of rolling of a heavy homogeneous ball on a horizontal plane
was also considered by V. V. Kozlov in [1, § 6] subject to conditions i and ii
only. The sliding friction force obtained in [1], generally speaking, depends on
components of the angular velocity, that correspond to pivoting and rolling.
Besides, in [1] there arise additional moments of forces of rolling and pivoting
friction, which indicates the non-contact character of such a generalized force of
dry friction. In equations (20) such terms are, obviously, absent.
4. Motion of a rigid ball in contact with two perpendicular planes
In [1, § 7] the conditions i–ii are generalized to the case of an arbitrary
finite number of points of contact, which is equivalent to arbitrary number of
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constraints (see [1, formula (7.1)]):
f1(x) = 0, . . . , fp(x) = 0, p < n. (21)
The covectors ∂fi/∂x are assumed linearly independent. Condition ii is trans-
ferred to this case without changes, and instead of condition i it is suggested
(see [1, formula (7.4)])
(ΦTA−1)
∂fi
∂x
=
∑
λij
∂fj
∂x
.
If this condition is met the Lagrange multipliers λ1, . . . , λp are uniquely defined,
and as in the case of a single point of contact, they do not depend on Φ.
It will be shown below that this generalization is too restrictive. In case of
a rigid ball in contact with two perpendicular planes with isotropic tensors of
dry friction, we can consider equations (13) at each point of contact separately
and for the obtained matrices Φi compute their contribution to the generalized
friction force according to formula (12). Then subject to the constraint equa-
tions (21), we get two linearly independent algebraic equations on λi, which turn
out to be uniquely solvable without additional restrictions on the coefficients of
friction.
Equations of motion of the ball along the cushion. Consider equations of motion
of the ball on a horizontal half-plane z = 0, y ≥ 0, bounded by a vertical plane
y = 0. Further, these planes will be referred to as the table and the cushion. In
the absence of contact between the ball and the cushion, we are in the setting
of the previously discussed case. The impact of the ball on the cushion has also
been repeatedly considered in the literature (see, eg. [4]). Below we consider
the case of continuous contact of the ball with the cushion and the table, which
is expressed by the constraint equations
y = R, z = R. (22)
Denote the Lagrange multipliers corresponding to contacts with the cushion
and the table by λ|c and λc, and the coefficients of sliding friction of the ball
and the surfaces of the cushion and the table by µ|c and µc. For the contact
with the table, the formulas (16)–(18) obtained in the previous paragraph are
transferred without changes. For the contact with the cushion,
v|c =
 x˙− α˙R− γ˙R cosβy˙
z˙ + β˙R cosα+ γ˙R sinα sinβ
 , N|c =
 0λ|c
0
 ,
from where and from (13)
P|c =
1 0 0 −R 0 −R cosβ0 1 0 0 0 0
0 0 1 0 R cosα R sinα sinβ
 , Q|c = 1
m
7/2 0 00 1 0
0 0 7/2
 .
11
For the sake of simplicity, we will assume the friction of the cushion and the
table to be isotropic, i.e.
Φc = µcE3, Φ|c = µ|cE3.
Now using (12), we can evaluate the generalized friction force F . The La-
grangian for the problem considered differs from (15) by substitution of λ by
λc and addition of the term λ|c(y − R). Moving to the angular velocity vector
in Lagrange equations using the formulas (19) and substituting the constraint
equations (22), we obtain the system
mx¨ = − λcµc(x˙−Rωy)√
R2 ω2x + (x˙−Rωy)2
− λ|cµ|c(x˙+Rωz)√
R2 ω2x + (x˙+Rωz)
2
,
0 = λ|c − λcµcRωx√
R2 ω2x + (x˙−Rωy)2
,
0 = −mg + λc + λ|cµ|cRωx√
R2 ω2x + (x˙+Rωz)
2
,
2
5
mR ω˙x = −Rωx
(
λcµc√
R2 ω2x + (x˙−Rωy)2
+
λ|cµ|c√
R2 ω2x + (x˙+Rωz)
2
)
,
2
5
mR ω˙y =
λcµc(x˙−Rωy)√
R2 ω2x + (x˙−Rωy)2
,
2
5
mR ω˙z = − λ|cµ|c(x˙+Rωz)√
R2 ω2x + (x˙+Rωz)
2
.
(23)
From the second and the third equations we find the Lagrange multipliers, and
hence normal reactions of the cushion and the table:
λ|c =
mgµcRωx
√
R2 ω2x + (x˙+Rωz)
2
µ|cµcR2 ω2x +
√
R2 ω2x + (x˙−Rωy)2
√
R2 ω2x + (x˙+Rωz)
2
,
λc =
mg
√
R2 ω2x + (x˙−Rωy)2
√
R2 ω2x + (x˙+Rωz)
2
µ|cµcR2 ω2x +
√
R2 ω2x + (x˙−Rωy)2
√
R2 ω2x + (x˙+Rωz)
2
.
Note that without account for friction the expression for λ|c would turn to 0,
and the expression for λc would come down to mg, which is not sufficient for
the description of the motions of the ball, observed in practice in billiards (see
the next section).
Stability of the contacts is determined by the signs of λ|c and λc: the contact
is stable when the corresponding Lagrange multiplier is positive. For λc, this
is always true, i.e. continuous contact with the table while moving along the
cushion is never violated. For λ|c, the requirement of positiveness is equivalent
to the inequality ωx > 0, which corresponds to a rotation pressing the ball to
the cushion.
Substituting the obtained expressions for λ|c and λc into the system (23)
and performing a change of variables
ωx = Ωx, ωy = Ωy +
x˙
R
, ωz = Ωz − x˙
R
,
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we find the final form of the equations of motion of the ball along the cushion:
x¨ = − gµc
(
µ|cΩxΩz − Ωy
√
Ω2x + Ω
2
z
)
µ|cµcΩ2x +
√
Ω2x + Ω
2
y
√
Ω2x + Ω
2
z
,
Ω˙x = −
5gµcΩx
(
µ|cΩx +
√
Ω2x + Ω
2
z
)
2R
(
µ|cµcΩ2x +
√
Ω2x + Ω
2
y
√
Ω2x + Ω
2
z
) ,
Ω˙y =
gµc
(
2µ|cΩxΩz − 7Ωy
√
Ω2x + Ω
2
z
)
2R
(
µ|cµcΩ2x +
√
Ω2x + Ω
2
y
√
Ω2x + Ω
2
z
) ,
Ω˙z = −
gµc
(
7µ|cΩxΩz − 2Ωy
√
Ω2x + Ω
2
z
)
2R
(
µ|cµcΩ2x +
√
Ω2x + Ω
2
y
√
Ω2x + Ω
2
z
) ,
(24)
It can be easily seen that the function
J = 9x˙+ 2R(Ωy − Ωz) = 5x˙+ 2ωy − 2ωz (25)
is an integral of this system. Thus, the problem comes down to solving the
system of the last three equations (24). Integral (25) has the mechanical sense
Figure 3: The upper side center of percussion
of the x-component of velocity of the upper side point of the ball, located at
distance 2
√
2/5 of the radius from its center along the line, perpendicular to
the intersection of the supporting planes and passing through the center of the
ball. In this regard, this point can be referred to as the upper side center of
percussion of the ball (see Fig. 3).
The "Frenchman" stroke in billiards. We will look for a solution of system (24)
such that
Ωy = ηΩx, Ωz = ζ Ωx (η, ζ ∈ R). (26)
Finding the time derivative of (26) using (24), we arrive at the equations for η
and ζ: (
2
√
1 + ζ2 − 5µ|c
)
η − 2µ|cζ = 0,(
5
√
1 + ζ2 − 2µ|c
)
ζ + 2η
√
1 + ζ2 = 0.
These equations have the following solutions:
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1. η = 0, ζ = 0. This case corresponds to rolling of the ball along the cushion
without sliding at both points of contact.
2. η = ±2
√
4µ2|c − 1, ζ = ∓
√
4µ2|c − 1. In order for these solutions to corre-
spond to real motion, the friction coefficient of the ball and the cushion must
satisfy the inequality µ|c ≥ 0.5. The upper sign corresponds to a slow transla-
tional motion of the ball along the cushion with a fast rotation, and the lower
to the slow rotation with fast translational motion. Herewith, the direction
of vector Ω = (Ωx,Ωy,Ωz)T does not change until the moment T > 0, when
the spin (called english in billiards) pressing the ball to the cushion disap-
pears due to friction and the ball goes over to the rolling regime described
previously.
3. η = ± 14
√
µ2|c − 4, ζ = ∓ 12
√
µ2|c − 4. In order for these solutions to correspond
to real motion, the friction coefficient of the ball and the cushion must satisfy
the inequality µ|c ≥ 2. In practice, such large friction coefficients do not arise,
at least in billiards, thence we will not stop on consideration of this case.
Write down explicit dependencies of velocities on time for the solution 2:
x˙(t) = v0 ±
5µcgt
√
4µ2|c − 1
2
√
16µ2|c − 3 + µc
,
ωx(t) = ωx,0 − 15µcgt
2R(2
√
16µ2|c − 3 + µc)
,
ωy(t) =
v0
R
± 2
(
ωx,0 − 5µcgt
R(2
√
16µ2|c − 3 + µc)
)√
4µ2|c − 1,
ωz(t) = −v0
R
∓
(
ωx,0 − 5µcgt
2R(2
√
16µ2|c − 3 + µc)
)√
4µ2|c − 1,
(27)
for t ∈ [0, T ), and
x˙(t) = v0 ± 2
3
Rωx,0
√
4µ2|c − 1,
ωx(t) = 0,
ωy(t) =
v0
R
± 2
3
ωx,0
√
4µ2|c − 1,
ωz(t) = −v0
R
∓ 2
3
ωx,0
√
4µ2|c − 1,
for t ∈ [T,+∞), where v0 and ωx,0 are the initial values of the longitudinal
velocity of the ball center and side spin, and
T =
2ωx,0R(µc + 2
√
16µ2|c − 3)
15µcg
.
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The initial values ωy,0 and ωz,0 are obtained by substituting t = 0 into (27):
ωy,0 =
v0
R
± 2ωx,0
√
4µ2|c − 1, ωz,0 = −
v0
R
∓ ωx,0
√
4µ2|c − 1.
The equations obtained describe one of the most recognizable techniques in
Russian pyramid, called the "Frenchman". A similar, but slightly different in
execution, stroke occurs in artistic pool and is sometimes called "Rocket masse".
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